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Abstract—In this paper we propose a new GRASP algorithm 

for the discrete and metric version of the k-center selection 

problem. The GRASP metaheuristic is a popular technique for 

the randomization of greedy algorithms, where the designer can 

define the randomness level of the search that is performed by 

the algorithm. We tested the proposed GRASP algorithm over a 

set of 40 instances from the OR-Lib library and found that using 

an approximation algorithm as core for the GRASP 

metaheuristic, instead of using a pure greedy alternative, can 

lead to significantly better results in terms of execution time and 

quality of the generated solutions. We also found that, despite of 

its simplicity, the proposed algorithm is able to deliver solutions 

that are as close to the optimum as those found by some more 

elaborated state-of-the-art algorithms for the k-Center Problem.  

Keywords—k-center selection problem; NP-Hard; GRASP; 

heuristic randomization. 

I. INTRODUCTION 

The k-center selection problem (or just k-center problem) is 
a well-known NP-Hard problem that has many variants, such 
as those related with the search space (continuous or discrete) 
or the properties of the input (metric, non-metric, asymmetric, 
etcetera). In this paper we focus on the most elemental of these 
versions, namely, the discrete and metric version of the k-
center problem, which is usually referred to as k-center 
problem. The k-center problem consists in, given a complete 
non-directed graph         with edge costs that follow a 
metric and a positive integer      , finding a set of centers 
    of cardinality less than or equal to  , such that the 
maximum distance from the vertices to its nearest center is 
minimized. Equation 1 shows this objective function, where 
the maximum distance from every vertex to its nearest center is 
called the covering radius of   and is denoted by       
[6][12]. 

                                  

The k-center problem is NP-Hard [6][12], which means 
that the existence of a polynomial algorithm that solves it to 
optimality is unlikely, unless     . The latter is also true 
for the problem of solving it approximately within a factor of 
    [6][12]. Therefore, if     , a best possible algorithm 
for solving the k-center problem in polynomial time must 
deliver 2-approximated solutions. This kind of algorithms are 
known as approximation algorithms. Among them, we can 
mention the HS [5] and Gon [4] algorithms. The HS algorithm 
has complexity of           and is based on the parametric 

pruning technique, while the Gon algorithm has complexity of 
      and is based on a farthest-point heuristic.  

The k-center problem has also been addressed through 
heuristic and metaheuristic approaches. Some of the best 
heuristic and metaheuristic algorithms for solving the k-center 
problem are based on the reduction of this problem to a set of 
NP-Hard sub problems such as Minimum Dominating Set [11] 
and Maximum Set Cover [2]. Some other algorithms for 
solving the k-center problem rely primarily on approaches like 
Tabu Search [7], Variable Neighborhood Search [7], Scatter 
Search [8], GRASP [8], and Path-Relinking [8].  

According to the experimental results obtained by [9] and 
[11] the best polynomial algorithm for solving the k-center 
problem is the Scr algorithm, which has complexity of       
and generates solutions with an average experimental 
approximation factor of almost 6%. The experiments that led to 
this conclusion were performed over a set of 40 instances 
named pmed from OR-Lib library [1]. Although the Scr 
algorithm runs in polynomial time and tends to get better 
solutions than most of the other algorithms, it does not provide 
approximation guarantees, and hence, it can perform poorly on 
particularly adverse instances. 

In this paper, we present a new a GRASP algorithm, which 
is based on the farthest-point heuristic proposed by Gonzalez 
[4]. In order to assess the effectiveness of our algorithm, we 
conducted a detailed experimental-based performance 
evaluation where we compared the quality of the solutions 
found by our algorithm against that of the natural GRASP 
algorithm for the k-center problem and the approximation 
algorithm proposed by Gonzalez [4]. The set of instances used 
for the experiments were the pmed instances from OR-Lib 
library. 

The rest of the paper is organized as follows. In Section II 
we describe the GRASP metaheuristic template, and present 
the specification of two GRASP algorithms for the k-center 
problem, one of them based on the pure greedy algorithm for 
the k-center problem (Gr) and the other based on the algorithm 
of Gonzalez (Gon). In this section, we also introduce a set of 
local search heuristics that can be added to the GRASP 
algorithms to further improve the quality of their solutions. In 
Section III and Appendix we show the experimental results. In 
Section IV we present our conclusions and final remarks. 

II. GRASP ALGORITHMS FOR THE K-CENTER PROBLEM 

We begin this section with a small introduction to the 

basics of the GRASP metaheuristic. A deeper understanding 



of this method can be achieved through [3] and [10]. 

Subsection B of this section describes the specification of two 

GRASP algorithms for the k-center problem. 

A. The GRASP Metaheuristic 

GRASP (Greedy Randomized Adaptive Search Procedures) 
is a multi-start metaheuristic for the randomization of 
deterministic greedy algorithms, where each iteration consists 
of two phases. The construction phase and a local search phase 
[3][10]. During the construction phase, the algorithm generates 
a feasible solution, while in the local search phase the 
neighborhood of the previously generated solution is explored 
until a local extrema is reached. Fig. 1 shows the basic sketch 
of the GRASP metaheuristic. 

 
Fig. 1. The GRASP metaheuristic general template. 

 According to the GRASP metaheuristic general template 
(Fig. 1), the designer must define the stopping condition 
through the max_iterations variable. At each iteration, a 
feasible solution is constructed, its neighborhood is explored 
through a local search phase, and the best solution is kept. Fig. 
2 shows the pseudo code for the construction phase, where a 
Restricted Candidate List (RCL) is built in order to reduce the 
search space and perform an exploration procedure over 
candidate solutions that are relatively near to the set of 
solutions that can be generated by the core greedy algorithm. 
The elements of the RCL are those that can be part of a 
solution, and they are added to this list when meeting certain 
constraints. These constraints are related to the incremental 
costs of an element, which is the value of the objective 
function if that element was added to the current partial 
solution. From Fig. 2 we can observe that the variable   
      is used to define the randomness level with which the 
algorithm will produce the candidates solutions. A value of 
zero implies that the generated solutions will be exactly those 
that the original greedy algorithm would produce, whereas a 
value of 1 will produce pure random solutions. 

 
Fig. 2. Construction phase pseudocode. 

 Lastly, Fig. 3 shows the pseudocode of the local search 
phase, where any suitable local search algorithm can be applied 
to the solution generated during the construction phase in order 
to improve it. This phase is optional, because the main 
contribution of the GRASP metaheuristic relies on the 
construction phase. 

 
Fig. 3. Local search phase pseudocode. 

B. GRASP-Gon and GRASP-Gr 

According to the original definition of the construction 
phase of the GRASP metaheuristic (Fig. 2), a greedy algorithm 
must be exploited to construct the candidate solutions. The 
greedy algorithm iteratively takes the best immediate decision, 
which is achieved through the computation of the incremental 
cost of each candidate element.  

In this subsection, we define two GRASP algorithms for 
the k-center problem, GRASP-Gr and GRASP-Gon. GRASP-
Gr is based in a pure greedy strategy [9][11], whereas GRASP-
Gon follows the farthest-point heuristic proposed by Gonzalez 
(Gon) [4]. The Gon algorithm provides 2-approximated 
solutions in polynomial time, which means that it is a best 
possible polynomial algorithm for the k-center problem if 
    . Fig. 4 and Fig. 5 show the pseudocode of the Gr and 
Gon algorithms, respectively. 

 
Fig. 4. Gr algorithm. 

 
Fig. 5. Gon algorithm. 

Gr and Gon algorithms are very similar to each other, but 
for the way they select the elements of their candidate solution. 
While Gon always selects the farthest vertex, Gr follows a pure 
greedy strategy and selects the vertex that minimizes the 
immediate incremental cost. Since the distance is a known 
value that comes with the input, it is easy for Gon to compute 
               in just   steps (     ), while for Gr it is 
harder to compute the incremental cost of each vertex, which 
takes it    steps. Therefore, the complexity of Gon and Gr is 



      and        respectively. Therefore, Gon has an 
advantage over Gr not only in terms of theoretical quality of 
the generated solutions, but also in terms of the execution time. 

In order to avoid confusions, we defined the GRASP 
algorithms separately for each construction method (Gr and 
Gon), so we obtained the algorithms GRASP-Gr and GRASP-
Gon of Fig. 6 and Fig. 7. The GRASP-Gr algorithm strictly 
follows the definition of the original GRASP metaheuristic 
template, when it is applied to the k-center problem. The 
GRASP-Gon algorithm differs from GRASP-Gr only in the 
construction phase, where instead of calculating the 
incremental costs, it just gets the distance from every vertex to 
the current partial solution. Please note that for the GRASP-
Gon algorithm the first vertex is chosen completely at random, 
just like the Gon algorithm does. 

The complexity of the construction phase for GRASP-Gr 
and GRASP-Gon is the same than that of the Gr and Gon 
algorithms, respectively. Therefore, the complexity of GRASP-
Gr is                              and the 
complexity of GRASP-Gon is                       
      , where   is a heuristic applied during the local search 
phase, which of course can be omitted (Table I). 

TABLE I. GRASP-GR AND GRASP-GON COMPLEXITY 

algorithm complexity 

GRASP-Gr                         

GRASP-Gon                         

 

 In this paper, we tested both GRASP-Gr and GRASP-Gon 
with and without the local search phase. Specifically, we 
worked with the following local search heuristics. 

 Alternate (A). The Alternate heuristic solves the 1-
center problem over each cluster of a given solution. A 
cluster is built by assigning each vertex to its nearest 
center. This procedure is repeated until there is no 
improvement. 

 Alternate-Interchange (A-I). Given a solution, the 
Alternate-Interchange heuristic applies the Alternate 
and Interchange heuristics in that order. The 
Interchange heuristic interchanges the pair of vertices, 
one inside and the other outside the solution, whose 
interchange minimizes the objective function value. 
This procedure is repeated until there is no 
improvement. 

In [7], the authors observed that permutation A-I tends to 
work better than permutation I-A and hence we tested the 
GRASP algorithms only with the first permutation. The 
complexity, without repetitions, of the A and A-I heuristics is 
     . However, since they are repeated until there is no 
improvement and there are       possible configurations (one 
for each edge size), their complexity rises up to      . It is 
important to remark that in the performed tests these heuristics 
converged relatively quickly to local minimum, so, their actual 
execution times were much closer to       than to      ; this 
is because both heuristics tend to improve substantially the 
solution size at each iteration and instead of being repited up to 

   times, they only need a few iterations to get trapped into 
local extrema. 

 
Fig. 6. GRASP-Gr algorithm. 

 
Fig. 7. GRASP-Gon algorithm. 

III. EXPERIMENTAL RESULTS 

We tested GRASP-Gr and GRASP-Gon over the set of 
instances pmed from OR-Lib library [1]. This set consists of 40 
non-directed graphs with 100 to 900 vertices, and values of   
from 5 to 200, where the edges respect a non-Euclidean metric. 
This set of instances was selected because it has become a de 
facto standard for the evaluation of algorithms for the k-center 
problem [7]-[9] [11]. Because of the stochastic nature of 
GRASP algorithms, GRASP-Gr and GRASP-Gon do not 
necessarily deliver  -approximated solutions, even when 
GRASP-Gon has an approximation algorithm as its core. 
Therefore, an experimental analysis is mandatory in order to 
get a feel about its behavior. The source code of the described 
algorithms can be downloaded from the following link: 
http://prime.cic.ipn.mx/~jesgadiaz/software/k-center.zip 

http://prime.cic.ipn.mx/~jesgadiaz/software/k-center.zip


The results presented in this section correspond to the mean 
and standard deviation of the experimental approximation 
factors obtained over the set of pmed instances, where the 
experimental approximation factor is the ratio between the 
covering radius of the generated solution and the best known 
solution for a given pmed instance. The mean is an 
experimental measure of the quality of the solutions obtained 
by an algorithm. The standard deviation measures how 
consistent are the experimental approximation factors attained 
by the different algorithms. 

Table II shows the mean and standard deviation obtained 
by a representative set of polynomial algorithms for the k-
center problem when they are executed over the pmed 
instances. The algorithms Gon+ [9][11] and Gr+ [9][11] 
consist in repeating Gon and Gr, respectively,   times, starting 
each time with a different vertex as initial center. The HS 
algorithm is an approximation algorithm based on the 
parametric pruning technique that runs in           [5]. The 
algorithm that tends to get the best results is the Scr algorithm, 
which runs in       steps.  

TABLE II. MEAN AND STANDARD DEVIATION OBTAINED BY 

POLYNOMIAL ALGORITHMS OVER THE PMED INSTANCES 

algorithm     complexity 

Gr 1.707 0.610        

HS 1.670 0.247           

Gr+ 1.510 0.554        

Gon 1.495 0.130       

Gon+ 1.317 0.139        

Scr 1.058 0.043       

 

We observed that the execution time of the local search 
heuristics (A and A-I) when applied to the pmed instances, is 
much closer to       than to      . Therefore, as shown in 
Table III, the experimentally observed execution time for both 
GRASP-Gr and GRASP-Gon were smaller than their real 
upper bound. Therefore, in order to perform more fair 
comparisons we defined the                values taking 
into account the experimental execution time and the fact that 
an execution time greater than       can take months of 
execution for our implementations over some pmed instances. 

TABLE III. COMPLEXITY AND EXPERIMENTALLY OBSERVED 

EXECUTION TIME FOR GRASP-GR AND GRASP-GON. 

algorithm local search          complexity 

experimentally 

observed 

execution time 

GRASP-Gr --                 

GRASP-Gon --                 

GRASP-Gr --                 

GRASP-Gon --                  

GRASP-Gr A                

GRASP-Gon A               

GRASP-Gr A                

GRASP-Gon A                

GRASP-Gr A-I                

GRASP-Gon A-I               

GRASP-Gr A-I                

GRASP-Gon A-I                
 

 Table IV reports the best results obtained by the GRASP-
Gr and GRASP-Gon algorithms when executed over the pmed 

instances under different setups, namely, with different 
randomness levels for  , different values of max_iterations and 
with the local search heuristics pointed out in Section II B.  We 
optimized the level of randomization by tuning the variable   
from 0 to 1 in steps of 0.1. 

 The plots from Fig. 8 show graphically the whole set of 
results obtained through the optimization of variable   over the 
GRASP-Gr and GRASP-Gon algorithms under different 
setups. With these Figures it is easy to observe the impact of 
the different setups over the generated solutions, as instance, 
how the use of A and A-I heuristics let GRASP-Gr and 
GRASP-Gon obtain better results, but at the expense of an 
increase in the complexity. We observed a similar behavior for 
the case of increasing the value of the max_iterations that 
controls the number of iterations performed by the algorithms. 

TABLE IV. BEST RESULTS OBTAINED BY GRASP-GR AND GRASP-
GON OVER THE PMED INSTANCES. 

algorithm   max_iterations local search µ σ 

GRASP-Gr 0.3   -- 1.613 0.495 

GRASP-Gr 0.3   A 1.553 0.453 

GRASP-Gr 0.6   A-I 1.414 0.436 

GRASP-Gr 0.2   -- 1.347 0.351 

GRASP-Gr 0.2   A 1.289 0.302 

GRASP-Gr 0.5   A-I 1.208 0.255 

GRASP-Gon 0.0   -- 1.319 0.137 

GRASP-Gon 0.2   A 1.136 0.119 

GRASP-Gon 0.2   A-I 1.094 0.107 

GRASP-Gon 0.5    -- 1.221 0.113 

GRASP-Gon 0.3    A 1.088 0.096 

GRASP-Gon 0.3    A-I 1.063 0.087 

  

  

  

Fig. 8. Mean and standard deviation obtained by GRASP-Gr and GRASP-
Gon under different setups. 

 Something relevant that can be observed from Fig. 8 is how 
the tuning of the randomness level seems to have a bigger 
impact on the solutions generated by GRASP-Gon than those 
generated by GRASP-Gr. In order to measure how the tuning 
of the randomness level affects the solutions generated by 
GRASP-Gr and GRASP-Gon, we computed the standard 
deviation of the set of average experimental approximation 
factors and its corresponding standard deviations. The latter 
was done over the optimization values of   from 0 to 0.9 in 
increments of 0.1 (we ommited     since for this 
randomness level the effect of the GRASP’s construction phase 



is null.) Fig. 9 shows the standard deviation of the set of 
experimental approximation factors and standard deviations 
from 0 to 0.9, where higher values represent a higher impact 
from the tuning of   over the generated solutions. According to 
this metric, the impact of the tuning on the GRASP algorithm 
is bigger when the Gon algorithm defines its construction 
phase. 

  
Fig. 9. Measure of the impact of the randomness level tuning over GRASP-

Gr and GRASP-Gon. 

If we compare the best results found by GRASP-Gr and 
GRASP-Gon, from our tuning of the randomness level, we 
observe that GRASP-Gon outperforms GRASP-Gr in all the 
cases, as it is shown in Fig. 10. Therefore, for the values of 
max_iterations used in our tests, GRASP-Gon gets better 
results than GRASP-Gr and seems to be better suited for its 
randomization through the GRASP technique.  

 

Fig. 10. Best results found by GRASP-Gr and GRASP-Gon. 

IV. CONCLUSIONS 

In this paper we presented a new GRASP algorithm, that 
we have called GRASP-Gon, which uses the farthest-point 
heuristic proposed by Gonzalez to randomly generate candidate 
solutions; we also presented a pure GRASP algorithm 
(GRASP-Gr), which uses the pure greedy algorithm for the k-
center problem as core for the construction phase.  

According to our tests, GRASP-Gon outperforms GRASP-
Gr in every case, where GRASP-Gr is the natural GRASP 
algorithm for the k-center problem. We also observed that the 
Gon algorithm seems to be better suited for the GRASP 
metaheuristic, since the tuning of the randomness level allowed 
it to explore different areas of the search space and therefore 
generate solutions that are more diverse. 

One of the best polynomials algorithms for the k-center 
problem is the Scr algorithm [11], which runs in       steps 
and gets an average approximation factor of 5.8% when tested 
over the pmed instances from OR-Lib library [1]. It is 
remarkable how the GRASP-Gon algorithm, which follows the 

GRASP metaheuristic template without adding any further 
concept, is able to get an average approximation factor of 6.3% 
in       steps when the A-I heuristic is applied during the 
local search phase. Actually, although the complexity of 
GRASP-Gon with A-I as local search is      , its observed 
execution time was closer to      . Therefore, GRASP-Gon 
seems to be a competitive alternative for solving the k-center 
problem when an appropriate randomness level optimization is 
performed. 
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